It was proposed by Miyaji et al. that the fidelity susceptibility of a state of a conformal field theory under a marginal deformation is holographically dual to the volume of a maximal time slice in the dual Anti de Sitter spacetime. We study this proposal by analyzing the leading and subleading divergences in these two quantities in two specific scenarios. We find that although the structure of the divergences in these two quantities is similar, their numerical coefficients are inconsistent with an exact relationship between these two quantities.
INTRODUCTION
The idea that the entanglement entropy of a spatial subregion in a conformal field theory (henceforth CFT) is related to the area of a particular spacelike surface in the dual asymptotically locally Anti de Sitter (henceforth AdS) spacetime [1] [2] [3] [4] has provided various insights into the nature of the AdS-CFT correspondence [5] . Not only does it provide a useful tool for computing entanglement entropy in the CFT, it also indicates that there is a deep connection between geometrical quantities (in this case area) in the bulk and information theoretic quantities (in this case entanglement) defined on the boundary. Motivated by this connection, there have been various recent proposals for an information theoretic quantity dual to the volume of a spatial slice in the bulk. One such conjecture relates the volume of a bulk spatial slice to the computational complexity [6] [7] [8] [9] of a boundary state [10, 11] . A second conjecture relates it to the Kahler form induced by the overlap of certain nearby states [12] . A third conjecture relates this volume to the change in the boundary state under a marginal deformation, measured by fidelity susceptibility (defined in Eq. (1.1)), as presented in [13] . Our goal in this paper is to investigate the latter.
The fidelity susceptibility, also called the Bures metric or the quantum information metric 1 , is an important information theoretic quantity in and of itself. For instance, it is used to study quantum phase transitions and chaos in quantum systems [17, 18] (also see [18] for a more detailed list of references). For the purposes of the discussion here, this metric is a measure of the distance between two quantum states related by a perturbation. The fidelity susceptibility, denoted by G λλ , for two pure states that differ by a perturbation labeled by λ, is defined via the following relation
For the sake of completeness, let us point out that fidelity susceptibility can also be defined more generally for mixed states [19] but that will not concern us here.
Before proceeding further, let us include a brief review of the conjecture presented in [13] and in doing so lay out our notation. We assume that we have a CFT on a d-dimensional spacetime of the form M = R × Σ, where Σ is some codimension-1 spacelike hypersurface, and a theory that is obtained by a deformation of this CFT by a marginal operator, O. That is, the Lagrangian density of the deformed theory, L λ , is related to the Lagrangian density of the CFT, L 0 , by
where the conformal dimension, ∆, of O is equal to the spacetime dimension d and λ is an infinitesimal coupling constant. As alluded to earlier, one calculates the fidelity susceptibility between the vacuum states of these two theories using Eq. (1.1). For the states of a CFT with a classical holographic dual, it was conjectured in [13] that the fidelity susceptibility with respect to an infinitesimal marginal deformation is holographically dual to the volume of a bulk codimension-1 spacelike slice with maximal volume in the asymptotically locally AdS spacetime. More precisely, the relation proposed in [13] was
where n d is O(1) constant, ℓ AdS denotes the AdS radius, and V max denotes the volume of a boundary-anchored codimension-1 spacelike slice with maximal volume in the asymptotically locally AdS spacetime. The conjecture Eq. (1.3) has been studied and applied in various contexts in [17, 18, [20] [21] [22] [23] . As an example where this conjecture works, consider the vacuum state of a CFT on R d . As derived in Appendix (A), the fidelity susceptibility of the vacuum state under a marginal deformation is given by
where ... R d is the vacuum expectation value in the original CFT on R d . The integrals in Eq. (1.4) diverge when we take ǫ → 0 limit. This is because the two point function diverges when the two operators are coincident. Therefore, ǫ plays the role of an ultraviolet (henceforth UV) cutoff. Recall that in a Euclidean spacetime with coordinates (τ, x), the two point function for a primary operator of conformal dimension ∆ is given by
(1.5)
One plugs Eq. (1.5) into Eq. (1.4) for a marginal operator, that is, for ∆ = d, and evaluates these integrals to get will not concern us here. Recall also that the bulk dual of the vacuum state of the boundary CFT is Poincaré AdS spacetime with the metric
where z is a radial coordinate in the bulk and (t, x) are defined as usual. Since this is a stationary spacetime, a constant time slice has vanishing extrinsic curvature and is therefore a maximal volume slice. The volume of this maximal volume slice in this geometry is then given by
where a cutoff is introduced at z = δ near the AdS boundary. Since the field-theoretic cutoff and holographic cutoff are related by ǫ ∼ δ (discussed in Appendix B), one finds that the fidelity susceptibility in Eq. (1.6) and the volume in Eq. (1.8) are indeed related according to the conjecture in Eq. (1.3). Notice that the value of the proportionality constant, n d , in Eq. (1.3) is undetermined in the example above since it depends on the exact relationship between the cutoffs ǫ and δ. However, note that the coefficients of logarithmic divergences are independent of the choice of the cutoff. Hence, if there are logarithmic divergences in the fidelity susceptibility and in the volume of the bulk slice, then we can compare their coefficients to determine the value of n d . This will play an important role in our analysis.
In our calculations, we assume that the O(1) constant, n d , in Eq. (1.3) is not cutoff dependent. We point out that the conjecture cited in Eq. (1.3) may still be valid if a cutoff dependence is allowed.
In the rest of this paper, we study the conjecture cited in Eq. (1.3) in two specific cases. In Sec. (2), we study the UV divergences in the fidelity susceptibility of a thermofield double (henceforth TFD) state of two copies of a CFT on R×H d−1 and compare it to the divergences in the volume of a maximal slice in the dual AdS black hole spacetime. In Sec. (3), we repeat this analysis for the vacuum state of a CFT on R×S d−1 and the divergences in the volume of a maximal slice in the dual global AdS spacetime. We end with our conclusions in Sec. (4) .
A brief review of the definition of fidelity susceptibility is included in Appendix (A) while in Appendix (B), we derive the relationships we use between the bulk and CFT cutoffs.
FIDELITY SUSCEPTIBILITY ON
In this section, our goal is to consider a TFD state of two copies of a CFT on
and study its fidelity susceptibility under a deformation by a marginal operator, O. As derived in Appendix (A), this fidelity susceptibility is related to the two-point function of the CFT on are both equal to 1 and therefore the inverse temperature satisfies β = 2π. In this case, the fidelity susceptibility of the TFD state, according to Eq. (A.9), becomes
where −π ≤ θ ≤ θ is the coordinate on S 1 , whereas r ≥ 0 and
is at r = 0 in these coordinates. In these coordinates, the metric of
Note that we can write the metric of M 1 as
Therefore, M 1 is conformally equivalent to R d . As a result, we can write the two-point function on M 1 using the two-point function on R d . Recall that the operator O is exactly marginal with conformal dimension ∆ = d. Therefore, we get
Now we perform the integrals in Eq. (2.1). Performing the integrals over x 1 and x 2 yields
We now define y ± = r 1 ± r 2 and φ ± = (θ 1 ∓ θ 2 )/2 . With this change of variables, Eq. (2.5) becomes
Until this point, our analysis was completely general. From here on, we specialize to d = 5
3
. With this value of d, we perform the integrals over φ − and over y − to get
where we have identified the volume of H 4 by
We now extract the divergences in the integral in Eq. (2.7) to get
where (· · · ) denotes UV finite terms. Now recall that the holographic dual of a TFD state on M 1 = R × H d−1 is a two-sided AdS black hole with a horizon that has a hyperbolic geometry [24] . The temperature of the black hole is equal to the temperature of the dual TFD state, and the AdS length scale, ℓ AdS , is set by the radius of H d−1 (and is therefore equal to 1 in our case). For the special case where the inverse temperature is β = 2π, which is what we are assuming, the metric of a hyperbolic black hole in AdS is the same as that of vacuum AdS with hyperbolic slicing. Therefore, according to the conjecture cited in Eq. (1.3), the fidelity susceptibility of a TFD state of inverse temperature β = 2π on M 1 = R × H d−1 must be proportional to the volume of a maximal slice in vacuum AdS geometry with hyperbolic slicing. The metric of vacuum AdS with hyperbolic slicing is given by
As mentioned earlier, since the spacetime in question is stationary, a constant time slice in the bulk has maximal volume. The volume of such a slice is given by
where V H d−1 is the volume of H d−1 and we have introduced a cutoff r = r max near the boundary of AdS. In the case of d = 5, the divergences in this volume are given by
where (· · · ) denotes UV finite terms. Note that the relationship between the bulk cutoff r max and the UV cutoff ǫ can be determined by solving r max = r(z = ǫ) where z is the FeffermanGraham radial coordinate. We perform this analysis in Appendix (B). From Eq. (B.4), we find that the bulk and CFT cutoffs are related as
where ξ > 0 is some arbitrary constant. In terms of ǫ, Eq. (2.12) becomes
We now compare Eq. (2.9) and Eq. (2.14). Assuming Eq. (1.3) to be true (with ℓ AdS = 1), we are led to the following conditions. Comparison of the log-divergences implies
Comparison of the O(ǫ −2 ) terms implies In the next section, we present our second computation of the fidelity susceptibility and compare its divergences to those in the volume of a maximal time slice in the corresponding bulk geometry.
FIDELITY SUSCEPTIBILITY ON R × S d−1
In this section, we consider a CFT on M 2 = R × S d−1 (where the radius of S d−1 is set to 1)
and study the fidelity susceptibility of its vacuum state under a marginal deformation. We then compare it with the volume of a maximal volume slice on (d + 1)-dimensional global AdS spacetime.
4
The comparison of the leading-order UV divergences in these two quantities was made in [13] and it was found that the leading-order divergences are consistent with the conjecture in Eq. (1.3) . In this section, we extend this analysis and study the structure of the subleading power law divergences and the logarithmic divergences in these two quantities.
Let us start with the CFT analysis. From Eq. (A.4), the fidelity susceptibility of the vacuum state under a marginal deformation by an operator, O(τ, Ω), is given by
where Ω denotes angular coordinates on S d−1 . The two-point function of a marginal operator on M 2 (up to a normalization factor) is given by [17] 
Now let us focus on the integrals in Eq. (3.1). Since the entire domain of the angular coordinates is being integrated over, we can fix the angular coordinates of the operator O(τ ′ , Ω ′ ) to be the north pole in the (τ, Ω) coordinate chart. Using this, we simplify Eq. (3.1) to get
where V S d is the volume of S d . As in the previous section, we specialize to the case of d = 5.
In this case, Eq. (3.3) becomes
By changing the integration variables to u = τ − τ ′ and v = τ + τ ′ , we get
where (· · · ) denotes terms that are UV finite.
Let us now perform the holographic analysis. Recall that the holographic dual of a vacuum state of a CFT on M 2 = R × S d−1 is global AdS d+1 where the AdS radius, ℓ AdS , is fixed by the radius of S d−1 (and hence is equal to 1 in this case) with the metric
As in the preceding analysis, we consider a constant time slice in this geometry. The volume of such a time slice is then given by
where we have introduced a cutoff, r = r max , to regulate the divergences. We once again specialize to the case of d = 5. In this case, Eq. (3.8) becomes
As in the previous section, the relationship between the bulk cutoff, r max , and the UV cutoff, ǫ, can be determined by demanding r max = r(z = ǫ), where z is the Fefferman-Graham bulk coordinate. From Eq. (B.4), we get
where ξ > 0 is an arbitrary constant. In terms of ǫ, Eq. (3.9) becomes
Since our goal is to check if the fidelity susceptibility in Eq. (3.6) and the volume in Eq. (3.11) are proportional as conjectured in Eq. (1.3), let us start by assuming that this is indeed the case. That is, 12) where recall that ℓ AdS = 1. Comparing the logarithmic divergences in Eq. (3.11) and Eq. (3.6), we deduce that
From comparing the O(ǫ −4 ) divergence, we obtain 14) whereas from comparing the O(ǫ −2 ), we find
Since these two conditions are inconsistent with each other, we are led to the same conclusion as in the previous section.
This completes our analysis of the comparison in divergences in fidelity susceptibility and volume.
CONCLUSION
The goal of this paper was to study the structure of ultraviolet divergences in fidelity susceptibility in the boundary theory and compare it with the corresponding divergences in volume of extremal time slices in the bulk. Our analysis shows that the structure of these divergences is similar in both quantities but the relationship proposed in [13] does not hold exactly except possibly if we allow the O(1) constant to be cutoff dependent. Although we expect to learn about the boundary dual of the volume of a maximal bulk slice in upcoming work [25] , our results suggest that the exact bulk dual of fidelity susceptibility remains an open question. We hope that future work informed by our analysis will shed more light on the broader question of how bulk geometrical quantities and boundary information theoretic quantities are related in the context of the AdS-CFT correspondence.
with a boundary condition at τ = 0. That is,
where h ab is the metric on Σ, L 0 and Z 0 are the Lagrangian density and the partition function of this theory respectively, and h(x) denotes the determinant of the metric on Σ.
The adjoint of this wave-functional is given by an analogous path integral over the upper-half of M: M + = R + × Σ with a boundary condition at τ = 0. Let us now deform our CFT by a marginal operator, O(τ, x). The Lagrangian density of the deformed theory is given by
where λ is the coupling constant that is assumed to be small compared to 1. The vacuum wave-functional of the deformed theory is given by a path integral analogous to Eq. (A.1) but L 0 and Z 0 replaced with L λ and Z λ respectively. This means that overlap between the vacuum of the original theory, |Ω 0 , and that of the deformed theory, |Ω λ , is
By expanding this to second order in λ and by comparing with Eq. (1.1), we find that the vacuum fidelity susceptibility is given by
where ... M is the vacuum expectation value in the original CFT on M. Note that the two-point function in Eq. (A.4) diverges as the two operators approach each other, as can be seen from Eq. (1.5). This gives rise to the UV divergences in the fidelity susceptibility.
To regulate these divergences, we have introduced a UV cutoff at τ = −τ ′ = ǫ. Now let us take the product of two copies of a CFT on M = R×Σ and consider a thermofield double (TFD) state of inverse temperature β in this doubled system. This state is defined
where E n and |n are the energy eigenvalues and the energy eigenstates of the Hamiltonian, H 0 , of the CFT. Moreover, the normalization constant Z 0 is the thermal partition function of the CFT on M = R × Σ. From Eq. (A.5), we note that the wave-functional of the TFD state is given by where the period of S 1 is β. 8) where θ is the coordinate on S 1 . Expanding this to second order in λ, we deduce that the
The asymptotic boundary is situated at z = 0 in these coordinates, and the cutoff surface near the boundary is at z = ǫ. Therefore, to find the relationship between the bulk cutoff, r max , and the CFT cutoff, ǫ, we need to find the relation between the bulk radial coordinate, r, and FG radial coordinate, z. To do this, we write the metrics in Eq. (2.10) and Eq. 
